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Lipschitz conditions

IVf(2) = Vi)l < Lz =yl
IV2f(z) = V2F(W)llop < Lallz — ol

Lipschitz conditions

||V2f(l‘)||op S Ll
V3 f(2)|lop < Lo
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Upper and lower bound

£6) = Oy Fsn)] < sl =l pe (1.2)

Corollary
Lp

(p+ 1)' Hy _ $|’p+1? pe {172}

fy) < Qp(fiziy) +




First-order Method

Gradient Method
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First-order Method
Gradient Method

L

Tg4+1 = argmin {f(xk) +(Vf(xr),y —ox) + 71\\1/ - :vk!!2}
y€eE

Vf(a:k) + Ll(xk:—&-l — l'k) =0

Explicit form

1

Tpt1 = T — 7; V.f(zk)

Convergence

| A\

2
fa) - 1) <0 (BE). R=l-a'|




Second-order Method
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Second-order Method
Second-order method

Tk41 = argmin {f(xk) +(Vf(zk),y — ) + % (V2 f (i) (y — o),y — xk>}

y€eE

v

Vf(xg) + V2 f (@) (y — %) =0

Newton Method [1948, L. Kantorovich]
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Second-order Method
Second-order method

Th41 = argmin {f(xk) +{(Vf(xr),y — zx) + % (V2 f(ze)(y — m),y — xk>}
y€eE

Vf(xg) + V2 f (@) (y — %) =0

Newton Method [1948, L. Kantorovich]

Tra1 = o — [V2F(2r)] " V£ (k)

Damped Newton Method

Tha1 = o — by [V2F ()] V(@)
OGBS




Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]
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Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

Tyl = argéllaEin {f(z) + (Vf(@r),y — z) + 3 (V2f (@) (y — zn) y — o) + 21y — 2]}
)

.

V£ (ek) + V2 (@) — a) + 2y — el (g — 1) = 0




Cubic Regularized Newton Method

Cubic Regularization [2006, Yu. Nesterov and Boris T Polyak]

Tl = afgéﬂin {f(@r) + (VF(@r),y — ze) + 2 (V2 (z)(y — 2x),y — ze) + 22|y — =’}
Yy

Step

| E
A\

V£ (ek) + V2 (@) — a) + 2y — el (g — 1) = 0

Convergence

L2R3>

o - 1) <0 (2




Inexact Second-order Methods

Exact Newton Method
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Inexact Second-order Methods

Exact Newton Method

Tp41 = Tk — hy [VQf(l’k)]_l Vf(zk)

Inexact Newton Method

Tpy1 = Tk — b By 'V f(x)

BFGS [1970, C. Broyden, R. Fletcher, D. Goldfarb, D. Shanno]

YkyL Byspst BT

Bgt1 = B + -

T T
Yo Sk 3, Brsk

Sk = Tk+1 — Tk
yr = Vf(rpe1) — Vf(ag)
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Inexact Cubic Regularization [2017, S. Ghadimi et.al.]

V2f(xy) =< By = V2f(xp) + 01

Inexact Cubic Regularization

|
\

. L
Tpr1 = T + ar}%n%m {f(wk) + (Vf(xr), h) + 3 (Bh,h) + %Hh”za}
E

v,
Convergence
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Inexact Cubic Regularization [2020, A. Agafonov et.al]

V2f(zr)—01 < By < V2f(xy) + 01

Inexact Cubic Regularization

Th41 = T + ar}%glEin {f(fﬁk) + (Vf(zr), h) + <Bkh h) + —||h|!3+ Hh\lz}

Convergence

fla) — f(z*) <O <‘5_RQ) Lo <L2_§3>




Inexact Cubic Regularization, NEW

v2f(xk) - 6upI j Bk: j v2f(113k) = 6l0wI




Inexact Cubic Regularization, NEW

V2f(x1) — Oupl = By < V2f(xk) + Olowl

v

Inexact Cubic Regularization

: 1 y
s =+ avgmin { (22) + (V1. k) + 5 (B ) + 2 IA° + 2210 ?}
€




Inexact Cubic Regularization, NEW

V2f(x1) — Oupl = By < V2f(xk) + Olowl

Inexact Cubic Regularization

: 1 y
sier = o+ angain { Fax) + (V) ) + 3 (B )+ Z2 [0l + 2 o)
€

Convergence

o) - fta) s 0 (Cot il o (L2F)




Cubic L-BFGS Method

Cubic L-BFGS Method
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S




Cubic L-BFGS Method

Cubic L-BFGS Method

Th41 = Ty + argmin {f(wk) + (Vf(zr), h) + <Bkh h) + —||h||3 Sup ||h||2}
S

T Bm™ Bm™ T
Bk — B}?gn _ BlT—l + yT;ym o k Sm( k Sm)

YL sm s Bl"sm




Subproblem solution

Subproblem’s gradient

L
V (k) + (Br + Supl B + 72Hh*||h* -0




Subproblem solution

Subproblem’s gradient

L
V (k) + (Br + Supl B + gnh*nh* =0

Solution/Line-search intuition

The solution of the subproblem can be formulated as

* * _1
h* = — (Bi+ 01 + 2||B*||I) " V()

[R*]| = argITnzi{)l {<(Bk + Supl + Lr1) 7 Vf(xk),Vf(a:k)> i %72}




Computational complexity

Sherman-Morrison-Woodbury formula for m-rank approximation
I¢ e R4 A = )I% c R4 U e R*™, V € R™*Y, ¢ = Vf(z) € R?
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Computational complexity

Sherman-Morrison-Woodbury formula for m-rank approximation
I¢ e R4 A = )I% c R4 U e R*™, V € R™*Y, ¢ = Vf(z) € R?

FA+UV)le=cdA - LAl U™+ vU)tvAaTle

Complexity

VU — multiplication: O(m?d),
(I +VU) ! — inversion: O(m?),
Total: O(m?d).

Cubic complexity

SVD — O(d?)




Convergence Theorem

Oup = L1, Oiow = mLi, in special "greedy” version 6o, = 0

Let f(z) be a convex function f(z) has L-Lipschitz-continuous gradient and
Lo-Lipschitz-continuous Hessian, By, is an m-memory L-BFGS approximation, then the
convergance rate is

LR 3
flap) = f(z") <O <(Ll - kLl)R + LZ? )7

where R = ||zg — z*|.




Figure: Logistic regression, dataset = a9a, = 10=%, m =10, L; = 0.25, Ir = u/(L3?),
Ly=01120=10-¢
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Experiments

Figure: Logistic regression, dataset = a9a, u = 104, m = 10,

Ly =0.04, Ir =0.0123 and
L2 = 00117370 =10-e.
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